Introduction
generalization of the classical domination problem. The literature on this topic of dominating 1 functions is detailed in [8, 9] .
2
The decision problems for the signed domination [3] and the minus domination 
Main results

19
A graph G ⊇ H on n vertices with the largest possible number of edges is called extremal for 20 n and H; its number of edges is denoted by ex(n, H). The unique complete k-partite graphs 21 on n ≥ k vertices whose partition sets differ in size by at most 1 are called Turán graphs; we 22 denote them by T k (n) and their number of edges by t k (n). Clearly, T k (n) = K n for all n ≤ k.
23
The following Turán theorem from extremal graph theory is well-known, we will make use of it 24 in our proof. 
with equality if and only if k divides n. 1 We start with presenting a sharp lower bound on the signed domination number for graphs 2 on n vertices containing no (k + 1)-cliques. 
and this bound is sharp. 
Hence,
On the other hand, for each vertex
Since G contains no (k + 1)-cliques, so does G[P ]. Applying Turán theorem, together with 11 inequalities (1) and (2), we have
or equivalently,
That the bound is sharp may be seen as follows: For positive integers k, s ≥ 2, let F 1 be the
, that is, F 1 is a complete k-partite graph of order ks with equal partition 
Note that s ≥ 2. If s = 2, then δ * = 2, and thus c = s; if s ≥ 3, then δ * = δ(G) = 2(s − 1) or 2(s − 1) − 1, and thus c = s. Consequently, Let p, m, k and s be positive integers satisfying the following conditions:
Let F 1 be the Turán graph T k (ks) as described in the proof of Theorem 2. Let F 3 be an 
Theorem 3 For any integer k ≥ 2, let G = (V, E) be a graph of order n with no
(k +1)-cliques, then γ s (G) ≥ 2k k − 1   −1 + 1 + 2(k − 1) k n   − n,
where equality holds if and only if G ∈ H(k, s).
1
Proof. We define
It is easy to check that g (x) > 0 when x, n ≥ 1, so g(x) is a strictly monotone increasing function when x ≥ 1. Note that c ≥ 2, hence
The first part of the corollary follows.
2
Next we characterize the extremal graphs achieving this lower bound. First, suppose that in (1), (2) and (3). Hence, we obtain
The equality chain implies that
Note the fact that G[P ] contains no (k + 1)-cliques. Applying Turán theorem, G[P ] is a
6 complete k-partite graph with equal partition classes, and so k divides p. Let p = ks. Then that each vertex of M in G is exactly adjacent to two vertices of P and has minimum degree 12 2. Hence M is an independent set of vertices in G, and so M is isomorphic to some empty 13 graph F 3 of order m. So G is isomorphic to one of the family H(k, s) of graphs. It follows that
On the other hand, suppose G ∈ H(k, s). Thus, there exist integers k and s such that
Assigning to each vertex of F 1 the value +1 and to each vertex of F 3 the value 4 −1, we produce a signed dominating function f of G with weight
Consequently, 
and this bound sharp.
11
Note that every k-partite graph is a graph containing no (k + 1)-cliques. By Theorem 3, we 12 can further generalize and strengthen the above result to graphs containing no (k + 1)-cliques.
13
Theorem 5 For any integer k ≥ 2, let G = (V, E) be a graph of order n with no (k +1)-cliques, 
We define
It is easy to check that h (x) ≤ 0 when x ≥ 3, so h(x) is a strictly monotone decreasing function 2 on the variable x ≥ 3. This implies that We further characterize the extremal graphs attaining this bound. If the equality holds, i.e.,
Observing the fact that h(x) is a strictly monotone function on variable 7
x when x ≥ 3, we have n = n. Hence Q = ∅. Thus f is also a minimum signed dominating
As an immediate consequence of Theorems 3 and 5, we obtain the following extremal result 
